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Abstract
We present a scenario that ameliorates the tuning problems present in models of primordial
black hole dark matter from inflation. Our setup employs the advantages of gravitational collapse
in a long epoch of early matter domination with reheating temperature . 106 GeV. Furthermore,
we make use of a string-inspired class of models where the inflaton is identified with a non-compact
axion field. In this framework, the presence of multiple local minima in the inflaton potential can
be traced back to an approximate discrete shift symmetry. This scenario allows the formation of
primordial black holes in the observationally viable range of masses (MPBH ∼ 10−13M−10−16M)
accounting for all dark matter, and in excellent agreement with the CMB. Crucially, we find a
significant reduction in the required tuning of the parameters of the inflationary potential, in
contrast to the standard case of primordial black hole formation during radiation domination.
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1 Introduction
Primordial black holes (PBHs) [1, 2] are intriguing candidates for the dark matter (DM) of the
Universe [3]. On the theoretical side, their formation may be a subproduct of inflation, so they
are often regarded as a more economical explanation of DM than particle physics proposals such
as axions or weakly interacting massive particles (WIMPs). On the observational side, PBHs
are macroscopic objects and thus exhibit a variety of astrophysical signatures; see [4] for a non
exhaustive list. At the time of writing, PBHs can account for all the DM provided that their mass
is in the window1
10−16 M .MPBH . 10−11M . (1.1)
The lower end of this mass range comes from extragalactic gamma-ray observations [7–9] and the
upper one is due to microlensing [10].
However, concrete realizations of this appealing idea come with undeniable downsides. The
most studied mechanism of PBH formation relies on the gravitational collapse of Hubble-sized
regions triggered by large density fluctuations (seeded by inflation) upon horizon re-entry [11,
12].2 For PBHs to form abundantly –and contribute significantly to the DM– these fluctuations,
which are huge by CMB standards, must occur at distance scales that are about fifteen orders
of magnitude smaller than the CMB ones. In the context of canonical single-field inflation, such
a spectral feature can be obtained if the inflaton traverses a region of its potential, V , with an
inflection point (V ′′ = 0) [12]. This can be either a local flattening of the potential or an inflection
point between a local shallow minimum followed by a maximum. Either way, the inflaton loses
kinetic energy in that region, which results in an enhancement of the primordial spectrum. Several
models implementing this idea have been put forward in the last couple of years, see [18–25]. In
general, the inflection point has to be introduced in the potential in an ad hoc manner. If the
1See [5, 6] for critical takes on previously claimed constraints in this range.
2Non-inflationary mechanisms of PBH formation exist, but they generically require extra ingredients that reduce
the original appeal of PBHs as DM. See e.g. [13–17] for PBH formation from the collapse of topological defects.
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original appeal of PBH DM (and of inflation!) is to be preserved, having a motivation for the
existence of such a region independently of PBH formation would be highly desirable.
In addition, the mass of PBHs formed during RD scales as ∼ exp(−2N), where N is the number
of e-folds of inflation.3 Therefore, in order to produce PBHs in the window (1.1), the feature of
the potential must be placed in a narrow region of N , of width ∆N ' 6. In a generic single-field
inflation model capable of PBH formation, this generically constrains its parameters beyond the
requirements imposed by the CMB. There are however models, such as the ones proposed in [21],
for which the requirement of enough inflation tends to lead to the location of the feature in the
right ballpark of N .
More worrisome than the relatively narrow ∆N is a different property shared by these scenarios
with an inflection point: as it was pointed out in [21], the magnitude of the required enhancement of
the fluctuations is highly sensitive to the parameters of the potential. Larger spectral enhancements
require a higher level of tuning of the parameters. If the PBHs are formed during the radiation-
dominated (RD) epoch, the primordial power spectrum must increase by ∼ 107 with respect to its
amplitude at CMB scales to account for all DM. Generically, this implies a severe fine tuning of
the parameters of the potential. In summary: not only an ad hoc feature altering the potential
has to be placed in a rather precise location, but also the details of its shape need to be carefully
crafted. At the core of this issue lies the fact that the PBH abundance depends exponentially on
the variance of the radiation density fluctuations and therefore on the primordial power spectrum.
The answer to the question of whether or not this strong parameter sensitivity is an utterly
abhorrent property is a matter of personal taste. What is clear is that PBH formation is non-
generic in inflation. We stress that this parameter sensitivity is also present in multi-field and
hybrid inflation models of PBH formation. Given that PBHs have risen very recently as a popular
DM candidate, we think it is interesting to explore ideas that can make PBH production a less ad
hoc occurrence within inflation.
In this paper we present a well-motivated scenario that alleviates the aforementioned downsides.
The key aspects of our setup are an inflationary potential which naturally features the existence of
several local minima as a consequence of an underlying approximate discrete shift symmetry, and
a matter dominated (MD) epoch right after inflation, during which the likeliness of gravitational
collapse is augmented [11, 26, 27]. We find that these two ingredients can lead to the formation of
PBHs accounting for all DM (in the adequate mass ballpark), and the fit of the inflationary model
to the CMB measurements tuns out to be excellent. This is in contrast to most proposals featuring
an approximate inflection point, for which the scalar spectral index, ns, at k = 0.05 Mpc−1 tends
to be lower than the one determined by the Planck collaboration.4
Our scenario is inspired by axion monodromy inflation (AMI) [28, 29]. In this framework, the
inflaton is a pseudo-scalar field with a discrete shift symmetry which is broken by a non-periodic
potential term. The full inflaton potential features the characteristic axionic oscillations, super-
imposed on the monodromic term. When the amplitude of these modulations is large enough,
near-inflection points and local minima appear in the inflationary trajectory. AMI can arise from
string compactifications, where the inflaton field is generically accompanied by other (heavier and
initially stabilized) scalar fields, called moduli. As the inflaton travels &Mp distances during infla-
tion, the heavy moduli tend to shift from their VEVs and backreact on the inflationary trajectory.
This leads to flattening of the inflaton potential [30, 31] at large field values. The non-periodic
3In our convention, N grows as inflation proceeds.
4See [24] for an exception to that trend on ns in another setup inspired by AMI. See appendix A (of our work)
for a summary of the relevant cosmological parameters from the latest CMB data.
2
-1 1
V ( )
 
Mp
p > 0
p < 0
 1
CMB
PBHs
Figure 1. Inflationary potentials which will be considered in this work. Close to the global minimum, the
potential exhibits oscillations superimposed on a quadratic potential. Inflationary fluctuations can then be
enhanced by the presence of local minima and eventually lead to PBHs. At large superplanckian field values
the potential flattens and grows as a power law for p > 0, while it asymptotes to a plateau for p < 0. In
this region, slow-roll inflation can generate CMB anisotropies.
part of the potential is generally quadratic for φ . Mp, whereas it behaves as V ∼ b + φ2p, with
p < 1 and b constant, for φ & Mp. In certain realizations of AMI, which will be of particular
interest for our work, the amplitude of the axionic potential oscillations is suppressed at large field
values [32]. Therefore, AMI can provide inflationary potentials which exhibit two distinct regions
(see Figure 1): the first one, close to the global minimum, can feature the critical points that are
desired for PBH formation; the second region, at large field values, does not display oscillations and
is instead ideal to realize large field inflation. In this work, we take a phenomenological approach to
AMI and consider positive as well as negative rational values of p, while also requiring agreement
with the latest CMB constraints [33]. Negative values of p lead to plateau-like potential at large
field values. This feature can indeed arise in AMI [34].
Our setup can naturally accomodate a long MD epoch after the end of inflation, before the
inflaton decays completely and reheats the Universe. First of all, the minima of the potential
for small field values can support small oscillations of the inflaton (which effectively take place
in a quadratic potential). If the oscillations of the inflaton in the minimum where inflation ends
(assumed to be V = 0) dominate the energy budget of the Universe, the latter enters into a phase of
MD after inflation [35]. Besides, in the framework of moduli stabilization in string compactifications
–see e.g. the so-called large volume scenario [36,37]–, the inflaton is often identified with a modulus
field, meaning that it couples only gravitationally to the visible and hidden sectors. Therefore,
reheating occurs at a slow pace via Planck-suppressed operators and the early phase of MD can
have a prolonged duration.
Gravitational collapse of overdensities and PBH formation during a MD epoch has already
been studied; see [26] for pioneering work and [27, 38, 39] for recent updates. Crucially, during
MD any overdensity, no matter how small, undergoes gravitational collapse, in stark contrast to
the case of collapse during RD. However, asphericities of the collapsing region strongly affect the
outcome of the collapse: only very spherical overdensities may lead to PBHs [26,27]. Nonetheless,
for not too small overdensities, the fraction of the energy density in the form of PBHs depends
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on the variance of the density fluctuations through a power-law, unlike in the RD case, where
the dependence is exponential. In the case of MD, for small enough density fluctuations, the
angular momentum of the collapsing region cannot be neglected and the PBH fraction regains a
multiplicative exponential factor [38], but this exponential dependence is still much milder than in
RD. Therefore, the enhancement of the primordial power spectrum required to form a significant
amount of PBHs during MD can be orders of magnitude smaller than during RD, due to the
absence of pressure.
In this work we show in a model-independent way that abundant PBH formation in the window
(1.1) is most effective for intermediate reheating temperatures . 106 GeV.5 For these temperatures,
a power spectrum with an amplitude at small scales of order 10−4 is enough to lead to a fraction
of DM in the form of PBHs of order 1, in contrast to the amplitude of order 10−2 required if the
PBHs form during RD. This fact leads to a considerable reduction in the necessary tuning of the
parameters of the inflaton potential, as we illustrate with concrete examples. Heavier PBHs can in
principle also be formed in our scenario, but they require further tuning of the parameters in the
inflationary potential, and lower reheating temperatures. Similarly, our setup also allows for PBH
formation during RD, at the usual cost in terms of parameter tuning.
This paper is structured as follows: in Section 2, we discuss the advantages of PBH formation
during MD with respect to RD. We review the PBH abundance and mass formulae when they form
during MD, and compare them to the case in which they form during RD. We also discuss the
conditions under which a long epoch of MD due to inflaton oscillations can be achieved. In Section
3, we present the inflationary potential we consider, motivated by AMI. Section 4 is devoted to
the numerical computation of the inflationary power spectrum for two examples. We discuss our
findings in Section 5.
2 Primordial black hole formation during matter domination
PBHs can originate from the gravitational collapse of regions with large density fluctuations, which
we assume are seeded by inflation. The mass and abundance of these PBHs depend on the equation
of state of the Universe when the wave number of the fluctuations becomes comparable to the
Hubble radius after inflation. During radiation domination (RD) the radiation pressure opposes
the gravitational collapse, whereas during matter domination (MD) any overdensity grows since
the pressure is zero. In this section we thus focus on PBH formation during an early epoch of
MD, which starts right after the end of inflation. We use tm ∼ Hm to denote the time at which
MD ends. For simplicity, we consider that the Universe thermalizes instantaneously at tm and
becomes radiation dominated. Given that in RD the Hubble expansion rate is H = 1/(2t) and the
energy density during this period is therefore ρ = 3M2P /(4t
2), we can define the temperature of
the radiation bath at thermalization, T , through ρ = (pi2/30)g(T )T 4 as
Tm =
(
Mp
tm
)1/2(4pi2g(Tm)
90
)−1/4
, (2.1)
where g =
∑
b gb+(7/8)
∑
f gf counts the effective number of the degrees of freedom and the sums
over b and f run, respectively, over the baryonic and fermionic species whose masses are below T
5Similar conclusions were reached in previous works. In this paper, we expand with respect to [38] and improve
previous estimates presented in [25], which also considers a modulated potential in a different inflationary setup.
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Figure 2. Schematic evolution of the inverse of the conformal Hubble function H = aH as a function of a,
the scale factor of the Universe. The horizontal orange dashed line depicts a comoving distance scale that
becomes of the size of a conformal Hubble patch (re-entering the horizon after inflation) during an early
phase of matter domination.
at any given time. In the Standard Model (SM), for temperatures above the electroweak phase
transition one has g = 106.75.
A schematic representation of the evolution of the scale factor across the various phases of the
cosmological history in the scenario we consider is shown in Figure 2. An early phase of MD after
inflation can occur during perturbative reheating if the inflaton oscillates rapidly in a quadratic
minimum [35]. In this case, we can identify the temperature Tm with the reheating temperature and
we will refer to it in this way through this work. We will elaborate more on the connection between
Tm and inflation in Section 2.4. However, it is worth noting that there are other possibilities to
realize a phase of early MD (e.g. oscillations of other heavy scalars) and our discussion until Section
2.4 does not depend on the origin of this phase.
In the following subsections we review the expressions for PBH masses and abundances –assum-
ing formation in either MD or RD– as functions of the primordial power spectrum, the comoving
scale and the reheating temperature in the case of MD. We find that reheating temperatures
. 106 GeV are particularly interesting. In Section 2.4 we discuss in detail under which conditions
such reheating temperatures can be obtained from inflaton oscillations and decay after inflation.
2.1 Primordial black hole masses
As mentioned above, PBHs form from the collapse of regions with large density fluctuations when
their spatial extension, characterized by some scale k, becomes comparable to the size of a Hubble
patch. The mass of the individual PBHs is mainly given by the Hubble mass at the time of
horizon re-entry for the scale k. This scale cannot be defined unambiguously; see [40] for a recent
discussion. A common approximation for peaked spectra identifies k with the location of the peak
of the primordial spectrum in linear perturbation theory. We will use this approximation, which
is sufficient for our purposes. Then, the mass MPBH of individual PBHs is
MPBH = 4pi γ
M2p
H
, (2.2)
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where H is equal to 1/(2t) for RD after inflation and 2/(3t) for a phase of early MD. The coefficient
γ quantifies the efficiency of the collapse. Numerical analyses in the case of RD indicate that
γ depends on the spectral shape of the density fluctuations and that the actual mass depends
mildly on the density threshold that triggers the formation of a PBH [41]. We will neglect these
dependencies and use γ = 0.2 for RD, see [11, 41]. The actual efficiency of the collapse in MD is
uncertain but may be expected to be higher than in RD due to the absence of radiation pressure.
For concreteness, we take γ = 1 for MD in the numerical examples of Section 4, although we keep
γ unspecified in most of the expressions below.
An overdensity of comoving scale k re-enters the Hubble horizon at time tk, when the condition
k = a(tk)H(tk) ≡ akHk is satisfied. If this occurs during a MD phase which ends at time tm,
we can write: ak = (ak/am) (am/a0) , where a0 is the scale factor today, which we normalize to
one. Entropy conservation from tm until today implies that am/a0 = (T0/Tm) (gs(T0)/gs(Tm))1/3,
where T0 is the current CMB temperature. During the phase of early MD there is no thermal
equilibrium, but the scaling ak/am = (Hm/Hk)2/3 can be used. Combining these results with the
condition for horizon crossing and using that 3M2pH2m = (pi2/30)g(Tm)T 4m to eliminate Hm, we
obtain
ak =
pi2
90
g(Tm)
gs(T0)
gs(Tm)
T 30 Tm
k2M2p
, (2.3)
where we are keeping the number of effective entropy (gs) and temperature (g) relativistic degrees
of freedom distinct and T0 is the temperature of radiation today. This expression allows us to write
the PBH mass of (2.2) as
MPBH = γ
2pi3
45
(
T0
k
)3 gs(T0)
gs(Tm)
g(Tm)Tm , for early MD . (2.4)
If the PBHs form during RD, the expression for their mass can be obtained following a similar
logic. In this case
ak =
pi
3
√
10
(
gs(T0)
gs(Tk)
)2/3 T 20
kMp
√
g(Tk), (2.5)
and therefore
MPBH = γ
4pi2
3
√
10
(
T0
k
)2(gs(T0)
gs(Tk)
)2/3√
g(Tk)Mp for RD . (2.6)
The PBH mass thus scales as k−2 if PBHs form during RD and k−3 during early MD. In the
latter case the PBH mass depends also on the duration of the phase of early MD through the
reheating temperature Tm, see (2.1). For the purpose of comparison, it is useful to write both mass
expressions in terms of some benchmark values for k, Tm, and the mass of the Sun, M:
MPBH ' 2.8 · 10−16
( γ
0.2
)( g(Tk)
gs(Tk)
)2/3(106.75
g(Tk)
)1/6(1014 Mpc−1
k
)2
M for RD, (2.7)
MPBH ' 2.4 · 10−17 γ
(
g(Tm)
gs(Tm)
)(
1014 Mpc−1
k
)3(
Tm
105 GeV
)
M for early MD . (2.8)
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The expressions above have been obtained by setting T0 = 2.7255 K [42], g(T0) = 2.00, and
gs(T0) = 3.91. These values for the entropy and temperature degrees of freedom correspond to
assuming that all three neutrinos are non-relativistic today, see [40]. We plot equation (2.8) in
Figure 4 (solid orange lines), together with other quantities and constraints which we introduce in
the following subsections.
2.2 Primordial black hole abundance
We are interested in the current abundance of PBHs with respect to that of DM:
fPBH =
Ω0PBH
Ω0DM
. (2.9)
In the approximation of rapid collapse of the overdensity, fPBH can be written in terms of β, i.e. the
ratio of the collapsing energy density to the total energy density at the time of the collapse:
β =
1
γ
ρPBH(tk)
ρ(tk)
. (2.10)
Here ρPBH and ρ are the PBH and total energy densities, respectively. As in the previous subsection,
the constant γ encodes the efficiency of the collapse, see (2.2).
In the case of PBHs formed during an early phase of MD, by means of entropy conservation
and using ρm = (pi2g(Tm)/30)T 4m, we obtain
fPBH = γ β
Ω0γ
Ω0DM
g(Tm)gs(T0)
g(T0)gs(Tm)
Tm
T0
. (2.11)
As explained before, to obtain this result we have assumed that the transition between the different
epochs depicted in Figure 2 is instantaneous.
The analogous expression for RD is obtained from (2.11) by simply setting Tm = Tk, where Tk is
the temperature of the radiation at the time of formation. In this case we can write Tk as a function
of the Hubble rate and relate this to the PBH mass through (2.2). Then, the expressions for the
PBH abundance as a function of the quantity β in the RD and early MD cases are, respectively:
fPBH '
( γ
0.2
)3/2( β
8.9 · 10−16
)(
g(Tk)
106.75
)−1/4( g(Tk)
gs(Tk)
)(
MPBH
10−15 M
)−1/2
for RD , (2.12)
fPBH ' γ
(
β
5.5 · 10−15
)(
g(Tm)
gs(Tm)
)(
Tm
105 GeV
)
for early MD . (2.13)
The temperature dependence of the PBH abundance in the early MD case implies that a shorter
duration of this phase (i.e. a higher reheating temperature) implies a larger abundance, see equation
(2.1). This is simply due to the fact that PBHs, being cold dark matter, dilute slower than radiation
as the Universe expands. Therefore, the longer the duration of the RD phase is (i.e. the shorter is
the early MD phase), the higher the abundance of PBHs.
Notice that we could also write fPBH in the early MD case as a function of the PBH mass,
using (2.8). However, unlike in the RD case of (2.12) this introduces explicitly the wavenumber k,
which makes the formula more cumbersome.
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2.3 The collapsing fraction of the energy density
So far we have obtained general expressions for the abundance as functions of the collapsing energy
density fraction β, but we have not discussed how this (model dependent) quantity is computed in
each case. In the RD case we use the approximation
β(k) =
1√
2piσ2(k)
∫ ∞
δc
exp
[
− δ
2
2σ2(k)
]
dδ, for RD. (2.14)
In this expression δ = δρ/ρ is the density contrast in the total matter gauge (see [43]), δc is the
estimate for threshold on δ for gravitational collapse during RD and σ2(k) is the variance of the
density contrast smoothed over a comoving distance scale ∼ 1/k, given by
σ2(k) =
4(1 + w)2
(5 + 3w)2
∫
dq
q
( q
k
)4PR(q)W 2(q/k) , (2.15)
where w = 1/3 for RD. In this expression PR(k) is the dimensionless power spectrum of the
comoving curvature perturbation R and W (x) is a window function which we will take to be
Gaussian. The expression (2.14) is obtained by applying the Press-Schechter formalism [44] and
assuming that the primordial fluctuations leading to PBH formation are Gaussian. The value of
δc is known to depend on the profile of the collapsing overdensities, but should be between 0.4 and
0.5, see [45–47].
The physical interpretation of (2.14) is transparent: only overdensities above the threshold δc
can collapse into a black hole. For PBHs formed during MD, the situation is very different, due to
the absence of radiation pressure. In this case, the equation (2.15) still applies (now with w = 0)
but, for sufficiently large variances, the collapsing energy fraction has been estimated to be [26,27]:6
β(k) ' 0.056σ5(k), for early MD, and σ & σang. (2.16)
This expression for β, which accounts for the effect of asphericities in the collapsing region, is valid
only if σ is larger than a certain value σang ' 0.005 [38]. Below this value, the effect of the angular
momentum of the collapsing region becomes relevant, and the expression above must be replaced
by [38]:
β(k) ' 1.9× 10−7fq(qc)I6σ2(k) exp
[
−0.147
( I2
σ(k)
)2/3]
, for early MD, and σ . σang. (2.17)
Here, I is an O(1) paramenter7 [38] and fq(qc) is the fraction of mass with a level of quadrupolar
asphericity q smaller than a threshold qc ' 2.4(I σ)1/3. Following the estimates of [38] we will
assume I = fq(qc) = 1 in our numerical examples.
The previous equations summarize a key difference between PBH formation in MD and RD.
Whereas in RD the PBH abundance is exponentially sensitive to the primordial power spectrum
PR, in the MD case this dependence is a power-law for fluctuations larger than σang. The reason
6Inhomogeneities of the collapsing overdensity may further suppress PBH formation during MD [39]. However,
such extra suppression depends on certain assumptions on the final stages of the collapse, which might be evaded
in realistic setups; see the discussion in [39]. For these reasons, we neglect inhomogeneities in our estimates and use
(2.16) and (2.17) throughout this work.
7The variance of the angular momentum 〈L2〉 and σ are related through I as follows: 45 t 〈L2〉1/2 ' 8pi(a r)5ρ I σ,
where r is the initial comoving radius of the overdensity and ρ is the homogeneous energy density of the MD universe.
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Figure 3. Sensitivity of the fraction of DM in the form of PBHs to variations in the power spectrum for
RD (equation (2.14), left panel) and MD with angular momentum effects (equation (2.17), right panel). The
dashed lines represent the relative change in fPBH when the power spectrum is varied with a multiplicative
factor δPR, and the horizontal (solid) lines represent the value of the primordial power spectrum required to
get fPBH = 1 in each case. We have used MPBH = 10−15M, γ = 0.2, and approximated σ2 ' (16/81)PR
for RD (left panel), and Tm = 105GeV, γ = 1, and σ2 ' (4/25)PR for MD (right panel). An order of
magnitude change in PR has a much greater impact on fPBH in RD than in MD.
for this difference lies in the threshold for gravitational collapse: in RD this is given by δc, while in
MD essentially any overdensity undergoes gravitational collapse, due to the very small Jeans length
of non-relativistic matter.8 Angular momentum effects need to be taken into account in MD if σ
is small enough. In that case, the approximate power-law behavior of β is lost, but its sensitivity
to the primordial power spectrum is still much milder than in RD. In Figure 3 we compare the
sensitivity of β to changes in PR. The PBH fraction changes much more dramatically with PR for
PBHs formed during RD than in MD. As we will show quantitatively in Section 4, this translates
into a higher level of tuning in the parameters of the inflationary potential if PBHs with fPBH ∼ 1
form during RD.
Equations (2.14) and (2.16) should be supplemented with an additional constraint which arises
from requiring that the collapsing fluctuation reaches the non-linear regime during the MD era.
This effect was neglected in [25], which assumed instantaneous collapse. However, the above
requirement significantly limits the available parameter space, which we show in Figure 4. Using
that the linear density contrast grows as the scale factor during matter domination, one finds that
only fluctuations larger than σnl ' (Hm/Hk)2/3 reach non-linearity before the end of the early MD
epoch. Smaller fluctuations take longer to reach the non-linear regime and thus do not complete
8The Jeans length determines the critical radius above which an overdensity collapses and is proportional to the
speed of sound of the fluctuations.
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Figure 4. Mass of PBHs formed during an early matter dominated phase as a function of the scale k
of the collapsing fluctuation and the reheating temperature Tm, fixing γ = 1, for fPBH = 0.1 (left) and
fPBH = 1 (right). The dashed purple lines show the height of the power spectrum required to get the fixed
value of fPBH as a function of Tm. We use the formula for the fraction (2.17), which is the relevant one
in the plotted region of parameter space, and the approximation σ2 ' (4/25)PR. PBHs with massses below
∼ 10−16M are evaporating today and are thus constrained by extragalactic gamma-rays [7–9] (pink-shaded
region). Similarly, masses above ∼ 10−11M are constrained by microlensing see [6, 10] (not shown here).
The blue-shaded region corresponds to the constraint (2.19).
the collapse during MD. This constraint can be conveniently expressed as follows:
σ & 1.9 · 10−4
(
g(Tm)
106.75
)(
106.75
gs(Tm)
)2/3( Tm
105GeV
)2(1014Mpc−1
k
)2
. (2.18)
When the rotation of the collapsing fluctuation plays a role (i.e. for σ . σang) the constraint
is slightly stronger than (2.18). This can be understood as follows: during the linear evolution
of an overdensity, its angular momentum grows; in particular, the longer the duration of the
linear evolution, the stronger will be the effect of angular momentum on the gravitational collapse.
Therefore, a different lower bound on σ arises from requiring that the growth of angular momentum
does not prevent PBH formation. The resulting constraint is σ & 5Hm/(2 IHk) –we refer the
reader to [38] for its derivation– and can be rewritten as
σ & 10−5
(
g(Tm)
106.75
)3/2( 106.75
gs(Tm)
)(
Tm
105GeV
)3(1014Mpc−1
k
)3
. (2.19)
The advantage of considering an early phase of MD for PBH formation is reflected in Figure 4,
where we plot the PBH masses according to (2.8) (solid orange lines) as well as the amplitude
of the primordial power spectrum required to obtain fPBH = 1 (dashed purple lines) combining
(2.13) and (2.17), which is the appropriate expression for β in the region of parameter space where
σ . σang.9 We also show the observational bounds on PBH masses from Hawking evaporation [7–9]
9The analysis of [38] suggests that the value σang ' 0.005 should be taken as an order of magnitude estimate,
rather than as a sharp threshold. In particular, effects of order higher than second in angular momentum may lower
this value of σang and extend the validity of (2.16). This would lead to slightly smaller values of PR being required
for fPBH smaller than one, which are more advantageous for PBH formation, but the constraint (2.18) would then
disfavor a larger region of parameter space, leading to slightly lower reheating temperatures.
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(shaded pink region) as well as the constraint (2.19) (shaded blue region). In the viable region
of parameter space, the minimal amplitude of the primordial power spectrum which is needed to
obtain fPBH = 1 is PR ' 10−4. This is five orders of magnitude above the value at CMB scales
and two orders of magnitude smaller than the benchmark value required in the case of RD. Figure
4 shows that PR ' 10−4 corresponds to a value for the reheating temperature Tm . 106 GeV, and
k ' 1014 Mpc−1, which implies MPBH ∼ 10−16 M, close to evaporation constraints. Values of Tm
and k an order of magnitude away from these ones lead to PBH masses well within the currently
allowed region.
2.4 A long matter era from perturbative reheating
In the previous subsection we found that intermediate reheating temperatures . 106 GeV are
required to take advantage of an early phase of MD and produce PBHs of masses in the uncon-
strained window (1.1) with fPBH ∼ 1. While we did not specify the origin of the MD phase, a
straightforward option exists in the context of inflation. The energy density of the inflaton scales
as that of matter after inflation, if the inflaton undergoes small oscillations in an approximately
quadratic minimum [35]. We will now discuss under which conditions a long epoch of MD due to
oscillations of the inflaton can be realized, with resulting values of Tm . 106 GeV.
A perturbative description of reheating is not appropriate in general, due to the occurence of
preheating (see e.g. [48]). This is the process by which explosive particle production takes place
as a consequence of parametric resonance driven by the inflaton oscillations. The occurrence of
preheating typically quenches the existence of a prolonged phase of early MD [49]. Therefore, it is
worth recalling under which conditions preheating is prevented. We illustrate this by considering a
coupling of the form µφχ2 between the inflaton φ and another scalar field χ. If the inflaton poten-
tial is approximated around its minimum as m2φ2/2, then φ undergoes damped oscillations after
inflation due to Hubble friction. Approximately, φ(t) ' Φ(t) sin(mt) = Mp/(
√
3pimt) sin(mt),
being mt ' n/2pi, where n is the number of accumulated oscillations until the time t. By studying
the growth of χ fluctuations, efficient preheating can be shown to occur as long as both of the
following conditions are fulfilled [48]:
µ . 32 Φ(t), and 4µΦ(t) & m3/2H1/2 . (2.20)
Violating one of these two conditions is enough to ensure that preheating does not happen. The
first of these inequalities will be satisfied initially (for small n) provided that µ  Mp. However,
the second condition can be violated if µ is sufficiently small, preventing preheating from occurring
initially. Once n is large enough, both conditions are violated and preheating never occurs.
Let us therefore impose that preheating does not occur and derive the value of µ such that
Tm . 106 GeV can be achieved. For the reheating channel under consideration, the perturbative
decay rate of φ into χ is given by Γ = µ2/(8pim). In the absence of preheating, perturbative
reheating proceeds until H ∼ Γ, when the energy density stored in the inflaton is approximately
3M2pΓ
2. Equating this to the energy density of the radiation bath (under our assumption of
instantaneous transition between MD and RD), we get
Tm =
√
ΓMp
(
pi2g(Tm)
90
)−1/4
' 105 GeV
( µ
103 GeV
)(1013 GeV
m
)1/2
. (2.21)
Therefore, Tm ∼ O(105) GeV is achieved if µ ∼ 10−16 Mp for typical values of the inflaton mass
in high scale models, m ∼ 1013 GeV. It is straightforward to check that for such small values of µ
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the second of the conditions (2.20) is violated, which shows that the estimate (2.21) is consistent
with the assumption of inefficient preheating.
It remains to be seen whether such small values of µ are feasible in concrete scenarios of
inflation and reheating. Interestingly, in inflationary models inspired by string compactifications,
such as the one that we will consider in the next section, the inflaton can be a modulus and thus
couple only gravitationally to light degrees of freedom. In this case, the decay rate Γ is Planck-
suppressed, its typical form for decay into a scalar pair being Γ ∼ m3/(48piM2p ) (see e.g. [50]).
For m ∼ 5 · 10−6Mp this translates into µ ∼ 10−11Mp. For these values of µ, preheating is again
avoided. However, reaching Tm . 106 GeV still requires an extra suppression of the decay rate.
Model building possibilities in this direction can be found e.g. in [50], in the framework of the large
volume scenario [36,37] of moduli stabilization.
For the potential that we consider in Section 3, m turns out to be about an order of magnitude
larger than in the simple quadratic case. In this case, a stronger suppression of Γ is needed
for Tm . 106 GeV. This may be achieved in concrete realizations [50] of our inflationary setup.
Alternatively, the early phase of MD can be extended by (or be entirely due to) extra heavy
scalars with Planck-suppressed Γ that start oscillating after the inflaton field decays. This kind
of scenario can arise in string compactifications [51, 52]. See also [25] for similar considerations
applied to PBHs.
Before moving on to present the inflationary potential we will consider, let us relate the reheat-
ing temperature to the number of e-folds between the time at which the largest observable scales
left the horizon and the end of inflation. The number of e-folds (N =
∫
Hdt) elapsed from the
moment a scale k satisfies k = aH during inflation until its end is:10
N(k) = 63.55 +
1
4
log
Ω0r
h2
− log k
a0H0
− 1
12
log
ρend
ρm
+
1
4
log
ρk
ρend
+
1
4
log
ρk
(1016GeV)4
, (2.22)
where H0 = 100h km s−1Mpc−1 and ρk is the energy density of the universe at k = aH during
inflation. The subscripts end and m refer to the end of inflation and the end of the period of early
MD. The quantity Ω0r is the current radiation density. We can relate ρm to Tm simply through
ρm =
pi2
30
g(Tm)T
4
m . (2.23)
Given a model of inflation, we can determine ρk and ρend and then use the last two equations to
find out the required reheating temperature Tm for a specific value of N(k). For instance, if we
assume 10 Hend ∼ Hk ' 1013GeV, so that 102ρend ∼ ρk ∼ (1016GeV)4, we get
N(k) ' 49− log
(
k
0.05 Mpc−1
)
+
1
3
log
(
Tm
105 GeV
)
, (2.24)
where we have used the values of the cosmological parameters listed in appendix A. If the reheat-
ing temperature is Tm ∼ 105 GeV, inflation lasts approximately 50 e-folds after fluctuations of
wavenumbers comparable to the Planck fiducial scale (k = 0.05 Mpc−1) exit the horizon. As we
have seen in the previous subsection, the most interesting scales for PBH formation during MD
are around k ∼ 1014 Mpc−1. According to (2.24), these fluctuations should exit the horizon during
inflation approximately 15 e-folds before the end of inflation. In Section 4 we will see how these
observations translate into constraints on the parameters of the inflationary potential that we now
introduce.
10A similar expression was first given in [53]. We have followed an analogous derivation and chosen to write the
numerical factors differently.
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3 Inflation from axion monodromy
In the context of canonical single-field inflation, the basic feature that a potential should have in
order to lead to PBH formation is the presence of either a near-inflection point or a local minimum
followed by a local maximum. Such an ingredient is certainly non-generic for inflationary potentials;
the great majority of existing models of PBHs make use of potentials with coefficients chosen in
such a way as to generate the desired stationary points, without addressing the question of why
such points should exist in the first place.
Here we provide a well-motivated inflationary potential which naturally features stationary
points as a consequence of an underlying symmetry (see [24] for a previous work in this direction).
We focus on a scenario in which the inflaton is originally identified with a pseudo-Goldstone boson
originating from a continuous shift symmetry, broken to a discrete subgroup by non-perturbative
effects [54]. Such a field is commonly referred to as an axion, in analogy with the familiar case of
QCD [55–57]. Axions are common inflaton candidates, especially in string-inspired scenarios. See
e.g. [58] for an extensive review.
In the latter context, a family of well-motivated axion potentials arises, where the potential
energy of the inflaton varies as the field completes a cycle in its originally compact field space.
These constructions are known as axion monodromy inflation (AMI) [28, 29]. The inflationary
potentials belonging to this class typically exhibit the following functional form:
V (φ) = Vmon + Vcos =
m2F 2
2p
[
−1 +
(
1 +
φ2
F 2
)p]
+ Λ(φ)4 cos
(
φ
f
+ δ
)
. (3.1)
Let us first focus on Vmon. This term features three parameters: two energy scales, F and
m, and an exponent p, which may be either positive or negative. For φ  F , this part of the
potential is well approximated by a parabola. For φ  F , the potential either grows as φ2p (if
p > 0), or saturates to a plateau (if p < 0). In most constructions p ≤ 1, meaning that the
parabola tends to flatten at large field values. The origin of this flattening is partially rooted
in a rather generic feature of stringy inflationary models: the presence of multiple heavy moduli
fields, corresponding to geometric features of the compactified extra-dimensions, which can be
destabilized as the inflaton field is displaced far away from the minimum of its potential and
backreact on the inflationary trajectory [30, 31].11 Typically, these flattening effects kick in at
φ ∼ F . Mp, possibly fitting nicely with general arguments against the validity of single-field
EFT descriptions of large field inflation, such as the weak gravity conjecture [61] (see [62, 63] for
applications to axion inflation, and [64,65] for related conjectures). Observationally, this feature is
essential for the viability of (3.1) as an inflationary potential. Indeed, power-like potentials with
p ≥ 1 are strongly constrained by CMB data, since they predict a large amplitude of primordial
B-modes [33]. Models with p = 1/3, 1/2 [31] are still marginally compatible with CMB data. Here
we will focus on p < 1, while allowing also for concrete values of p (such as 1/6) beyond the ones
that have been obtained so far in concrete stringy setups. An explicit realization of AMI with
p < 0 –a possibility that we will consider– has been provided in [34].
Let us now discuss the second part of the potential (3.1), Vcos. This contains the distinctive ax-
ionic oscillations, superimposed on Vmon. Crucially, their amplitude Λ(φ)4 depends on the inflaton
value. We follow [31] and parametrize this dependence as follows
Λ(φ)4 = Λ40 e
−
(
φ
φΛ
)pΛ
, (3.2)
11See also [34,59,60] for flattening due to backreaction in concrete realizations of AMI which can be studied within
supergravity.
13
with φΛ &Mp and pΛ either positive or negative. Putting (3.1) and (3.2) together, we can write
V (φ) = m2f2
[
1
2p
F 2
f2
(
−1 +
(
1 +
φ2
F 2
)p)
+ κe
−
(
φ
φΛ
)pΛ
cos
(
φ
f
+ δ
)]
+ V0 , (3.3)
where we have added a constant V0, which ensures V = 0 at the reheating minimum. The implica-
tions of Vcos then depend on pΛ, p and the rescaled amplitude of the oscillations κ ≡ Λ40/(m2f2).
Let us then first discuss separately the impact of κ, thereby initially neglecting the exponential
prefactor. Close to φ = 0 we can then approximate (3.3) by
V (φ) ≈ m2f2
[
1
2
φ2
f2
+ κ cos
(
φ
f
+ δ
)]
. (3.4)
It is then straightforward to see that the potential (3.4) exhibits local minima for κ ≥ 1, whereas
for κ < 1 the oscillating part of the potential only gives rise to small bumps in the axion potential.
In this work we are interested in local minima which appear close to the bottom of the inflationary
potential (i.e. for φ/Mp  10) and we will thus consider κ ≥ 1.
Let us now return to the full potential. Depending on the sign of pΛ the amplitude of the oscil-
lations is exponentially suppressed or enhanced at large field values. The value of pΛ is determined
by the source of the non-perturbative effects that induce Vcos and by moduli stabilization. See [32]
for examples with both pΛ > 0 and pΛ < 0. We are interested in pΛ > 0 since then oscillations are
absent at φ  φΛ and the flatness of the potential allows to fit the CMB without tunings, while
still featuring local minima at smaller field values. This particular behavior of the inflationary
potential is also somewhat similar to what has been used in the relaxion mechanism [66].
Finally, let us discuss the parameter δ, which should be included on general grounds, since Vmon
and Vcos have a priori no reason to be aligned. Furthermore, the choice δ = 0 leads to the presence
of two degenerate minima at the bottom of the potential, which may lead to stable domain walls
during the reheating phase, when the field can oscillate along the full potential. For these reasons,
in what follows we take δ ∼ 1.
The potential (3.3) is shown in Figure 5, for p = 1/3, 1/6,−1/2 from top to bottom, and with
pΛ > 0. The figure illustrates the key feature of our inflationary potentials: beyond φ ∼ 2Mp, the
potential is essentially indistinguishable from a standard monomial, while at small field values the
periodic axionic oscillations lead to a rich structure of local minima.
Inflation along such potentials proceeds as follows. First, for large field values (φ  Mp), the
inflaton slowly rolls down the potential. This phase is the one responsible for the small CMB
temperature anisotropies. Second, a regime of transient constant roll inflation (whereby φ¨ ∝ Hφ˙)
can be achieved as the inflaton traverses one of the local minima at φ ∼ Mp. In this regime,
super-horizon curvature fluctuations are exponentially enhanced, leading to PBH formation upon
horizon re-entry (see Section 4 for more details). Interestingly, in our scenario the two phases (slow
roll and constant roll) can be significantly decoupled from one another. The depth of the local
minima is controlled by the parameter κ, which can be changed without affecting the inflationary
potential in the region where CMB anisotropies are generated, as shown in Figure 5.
Due to the presence of local minima, the inflaton does not necessarily end up in the global
minimum of the potential. In fact, in the regime κ  1 the field typically gets classically stuck
in one of the local minima closest to the global minimum. Let us estimate the tunneling rate to
the global minimum from one of the nearest neighbouring local minima. This is proportional to
e−St , where the tunneling action St can be easily estimated in the thin-wall approximation [67] as
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Figure 5. Examples of the potential (3.3). Left: κ = 8, F = Mp, f = 0.1Mp, pΛ = 2, φΛ = Mp, δ = −1
and p = 1/3, 1/6,−1/2 from top to bottom. The parameter p determines the asymptotic behavior of the
potential. Right: p = 1/3, F = Mp, f = 0.1Mp, pΛ = 2, φΛ = Mp, δ = −1 and κ = 20, 10, 5 from top to
bottom. Whereas the minima at small field values are affected by the value of κ, the inflationary trajectory
at large field values is essentially unaltered varying this parameter alone.
follows:
St ' 27pi
2
2
σ4
(∆V )3
∼ 27pi
2
2
(∆φ)4(κm2f2)2
(m2f2)3
∼ 27pi
2
2
κ2
(
f
m
)2
. (3.5)
Here we have approximated the tension of the bubble wall as σ ∼ ∆φ
√
Λ40, with ∆φ ∼ f the
distance in field space between minima and ∆V the difference in height between the minima. For
p = 1, the amplitude of the temperature anisotropies in the CMB implies m ∼ 10−6Mp. For
|p| < 1, the CMB normalization depends also on F and larger values of m are allowed. Typical
values of f in string compactifications are 10−3Mp . f . Mp. Therefore, for κ ∼ O(10) (as it
will be in our examples) St is very large and tunneling to the global minimum is an extremely
suppressed process, regardless of the prefactor.
The constant V0 is chosen in such a way that the minimum where the inflaton stops has V0 = 0.
After inflation ends, the inflaton then oscillates around an approximately quadratic local (or global)
minimum and gives rise to the desired epoch of MD. Our Universe may then have a neighbouring
AdS vacuum (the global minimum of the full potential (3.1), if the inflaton gets stuck in a preceding
local minimum). As shown above, this does not pose any cosmological threat to the stability of
our Universe.
A potential (also inspired by AMI) with multiple approximate inflection points was considered
in [24] in the context of PBH formation (during radiation domination). It differs from ours in
several respects that are worth mentioning. The most important difference is that the potential
of [24] features potential oscillations also at large field values. This implies that the CMB is fit
in this case by tuning very finely the parameters of two trigonometric functions, in such a way
that the CMB scales coincide with a sufficiently flat region of the potential for large field values.
The axion decay constant in the case of [24] takes larger values: f & 0.6 Mp. In our case the
CMB observables are essentially independent of the axion decay constant, which means f takes
somewhat smaller values: f & 0.2 Mp. Another difference is that the examples of [24] do not
display multiple minima, but rather a successions of approximate plateaus. In that case inflation
ends at the absolute minimum of the potential. Instead, we consider the possibility of several local
minima where the inflaton may get stuck. Finally, [24] focused on PBH formation during RD,
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while we take into account the possibility of a long MD epoch, which allows for a significant tuning
reduction in the inflationary parameters.
4 Numerical examples
In this section we compute the primordial power spectrum generated by the inflationary model
presented above. We provide concrete numerical examples for which large PBH abundances with
masses of interest for the DM problem are produced either during RD or an early phase of MD.
We illustrate the advantage of MD over RD by quantitatively establishing the required amount of
tuning of the parameters of the potential under both circumstances.
Before doing so, we briefly review the mechanism by which the scalar primordial power spectrum
can be enhanced in the presence of critical points in the inflationary potential. The dimensionless
power spectrum PR of the comoving curvature perturbation R is defined as:
PR = k
3
2pi2
|R|2. (4.1)
It is obtained from the Mukhanov-Sasaki equation:
R′′ + 2z
′
z
R′ + k2R = 0, where z2 ∝ a2 and  = − H˙
H2
, (4.2)
and the primes indicate derivatives with respect to conformal time. This equation is solved as-
suming the Bunch-Davies vacuum as the initial condition for the fluctuations at early times (i.e.
when k  z′′/z ' aH). The modulus |R| appearing in (4.1) is evaluated at a later time such that
k  z′′/z. In the slow-roll approximation12 |R| is very nearly constant for k  z′′/z, leading to
the usual expression
PR = H
2
8pi2M2p
. (4.3)
A small enough  can thus lead to an enhancement of the primordial spectrum above its value at
CMB scales. However, if the slow-roll regime ceases to be valid, even for a short period, the non-
constant solution of R (which decays during slow-roll for k  z′′/z) can become relevant and grow
with time, thereby invalidating the approximation (4.3). This is what happens in the examples we
show below. The derivative of R with respect to the number of e-folds is, approximately:
dR
dN
∝ exp
(
−
∫
ξ dN
)
, (4.4)
where
ξ = 3− + ˙
H
. (4.5)
If ξ becomes negative, which requires a large deviation from slow-roll, dR/dN grows with N and
the Mukhanov-Sasaki equation (4.2) needs to be solved numerically for each mode k. An in-
depth analytical description of the dynamics of the inflationary fluctuations for negative ξ is given
in [70,71]; see also [43].
12See [68] for its precise meaning or the appendix of [69] for a brief summary.
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As shown in [21] in the context of PBH formation during RD, ξ can easily become negative if
the inflaton encounters a sufficiently deep local minimum in its trajectory. Since  ∝ (dφ/dN)2,
as the inflaton falls into the minimum, accelerating,  grows and reaches a maximum value (which
may or may not halt inflation temporarily). Then, as the inflaton climbs out of the potential well,
its velocity quickly decreases, making  hit very small values, provided that the minimum is deep
enough. This sudden change of speed triggers a rapid growth of |η| above 3, which is ultimately
responsible for driving ξ to negative values, making R increase exponentially in just a few e-folds.
Clearly, the largest enhancement of the spectrum is obtained when the field is barely able to
overshoot the local maximum after traversing through the local minimum. For PBHs produced
during RD by this mechanism,  needs to change by about 6 orders of magnitudes between CMB
and PBH scales [21] in order to produce fPBH ∼ 1. In this case, PR is enhanced by approximately
7 orders of magnitude between these scales and the slow-roll approximation can underestimate this
growth by several orders [21]. For PBH production by this mechanism during a phase of early MD,
the change in  and PR need not be as dramatic, since as we have seen in Section 2 the power
spectrum needs a significantly milder enhancement for PBH formation to occur.
We solve the Mukhanov-Sasaki equation (4.2) numerically, together with the equation of motion
for the background evolution of the inflaton field, to find PR, defined as in (4.1). We refer the reader
to [21] (see also [72]) for the details of a practical numerical algorithm –that we have followed in
this work– through which the equation (4.2) is solved using N as time variable. We are interested
in parameter choices for the potentials such that the most recent constraints from Planck on the
primordial spectrum are satisfied, see Appendix A.
The potential (3.3) can feature many local minima whose depth grows as the inflaton travels
from larger to smaller values. During its trajectory the inflaton passes through several of these
minima, and the enhancement of the primordial spectrum becomes most pronounced when it goes
through the next-to-last minimum, before stopping definitively; since it is in this region that it
slows down the most. The depth of the minima is controlled by the parameter κ, as described
in Section 3. Any large enough value of κ ensures the existence of minima which may lead to
abundant PBH formation. The actual value of the abundance is determined by the speed of the
inflaton as it climbs out of the next-to-last minimum before reheating. This speed is, in turn, fixed
by the precise value of κ. In our examples, we adjust the parameter κ to obtain fPBH ∼ O(1),
and find κ ∼ O(10). The smaller amplitude of PR required to account for all DM with PBHs
formed from MD tends to reduce the number of e-folds that the inflaton field spends traversing the
local minimum responsible for PBH formation with respect to the case of RD. Therefore, imposing
fPBH ∼ O(1) with masses in the window (1.1), some examples of potentials that are ruled out for
PBH formation during RD due to an excess of inflation –see [53] and equation (2.22)– may become
viable changing κ appropriately if the PBHs form during an early MD phase. The same can be
expected to occur for other models with an approximate inflection point.
Let us now discuss the effects of the rest of the parameters of the potential. We start with F
and φΛ, which control the location in field space at which the flattening effects kick. We will take
them to be of order Mp, in agreement with the expectations discussed in Section 3.
The parameter f . Mp governs the width of the local minima. We can distinguish between
different scenarios depending on its value. For values of f close to Mp, the inflaton encounters at
most one local minimum before inflation ends. In this limit the model is essentially an implemen-
tation of the standard mechanism of PBH production from a quasi-inflection point. We will not
consider this situation here, but we remark that it is a possibility capable of producing an inter-
esting population of PBHs for the DM problem, if κ ∼ O(1). In the opposite limit, for f  1, the
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inflaton may roll all the way down to the global minimum and oscillate in a region of the potential
which can encompass several local minima. This case is not relevant for PBH formation and we
will not consider it either.13 We thus focus on intermediate values of f for which the inflaton still
travels over several minima before inflation ends. We find that if f . 0.1Mp and PR ∼ O(10−4) is
imposed at its maximum, the field generically does not spend enough time (typically at most ∼ 5
e-folds) on the local minimum previous to the end of inflation. In this case inflation does not last
long enough to solve the horizon problem.14 We focus on f = 0.2Mp in our examples and return
to the case f . 0.1Mp at the end of the section.
We will consider two concrete choices for the parameter p, one with p > 0 (shown in Figure 6
as the blue, solid line), and the other one with p < 0 (orange, dashed). In particular, we find that
the largest positive value of p which is compatible with the latest Planck data and at the same
time leads to a significant amount of light PBHs is smaller than p = 1/3, which is the smallest
positive exponent for which an explicit string construction currently exists [31]. We choose p = 1/6
to produce our first example and p = −1/2 for our second example. We focus on the case in which
the inflaton gets stuck in the local minimum closest to the global minimum, which corresponds
to rather large values of κ. The scenario with the inflaton rolling all the way down to the global
minimum can also be easily realized for both p > 0 and p < 0, by taking smaller values of κ. In
both cases, we set V = 0 at the minimum of the potential where the field ends its trajectory (see
Figure 6).
We show the resulting curvature power spectra in Figure 7 for p = 1/6 and p = −1/2. The
parameters of these two examples are given in Table 1. Additionally, for each one of these values of
p, we obtain two different power spectra by considering two choices of κ. The spectra shown with
continuous lines in Figure 7 lead to fPBH of order 0.1 – 1 if the collapse occurs during the early
MD epoch with reheating temperature Tm . 106 GeV. For these examples, we use the expression
for β which takes angular momentum into account, (2.17) with I = fq(qc) = 1, in agreement with
Figure 2. In contrast, the spectra in dashed lines lead to a significant fPBH if they form during
RD, and require further tuning of κ. The predictions for the inflationary observables and the PBH
masses and fractions in our examples are also reported in Table 1.
From these examples, we are able to extract the amount of tuning on the parameter κ which
is required in order to obtain fPBH ∼ 1 in our setup with PBH formation during MD and RD. We
do so defining15
tuning :=
∣∣∣∣∆κκ
∣∣∣∣ , (4.6)
where ∆κ is the difference in κ between a successful example with fPBH ∼ 1 and the closest κ
which invalidates the example (typically by producing fPBH away from 1), with the rest of the
parameters kept fixed. In other words, ∆κ is given by the minimal precision with which κ needs
to be specified to obtain fPBH ∼ 1. In the case of MD, we find that κ has to be chosen with a
relative precision (tuning) of order 10−2 % for p = 1/6 and 5 · 10−3 % for p = −1/2. For RD,
we instead find that the required tuning is increased to order 10−4 % for p = 1/6 and 5 · 10−5 %
for p = −1/2. Thus, an early phase of MD alleviates the tuning of the inflationary parameters
in our setup by two orders of magnitude, which corresponds to the ratio of the enhancements of
13However, it may present interesting consequences for reheating [73].
14Approximately 15 e-folds are required between the scale at which perturbations are enhanced (for the mass of
the PBHs to fall in the window (1.1)) and the end of inflation.
15This way of quantifying the tuning was also used in [22].
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Figure 6. Potential (3.3) for the parameters in Table 1. The solid (blue) curve corresponds to example 1
and the dashed (orange) curve to example 2.
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Figure 7. Primordial spectra for the examples 1 (left) and 2 (right). The dashed and solid lines correspond
to the parameters choices in Table 1 labeled RD and MD, respectively.
f δ pΛ φΛ p F m · 105 V0 · 1011 κ (MD/RD)
• Example 1 0.2 Mp -1 1 Mp 1/6 0.7 Mp 4 Mp −4.3 M4p 9.250/9.25213
• Example 2 0.2 Mp -1 1 Mp -1/2 1.8 Mp 2 Mp 2.8 M4p 17.799/17.80190
φ0 ns r α N0(MD/RD) fPBH(MD/RD) MPBH
• Example 1 6.85 Mp 0.965 0.066 -0.004 53/68 0.2/0.3 10−13 M
• Example 2 6 Mp 0.970 0.032 0.01 53/64 0.9/0.1 10−15 M
Table 1. Parameters (top) and predictions (bottom) for the potentials of Figure 6. These examples give the
correct normalization of the spectra at k = 0.05 Mpc−1, corresponding to φ = φ0. The spectral parameters
(see appendix A) are given at this scale and N0 denotes the number of e-folds from φ0 to the end of inflation,
in agreement with (2.22). The values of κ are given with the precision needed to attain the corresponding
fPBH in each case. We have set Tm = 3 · 104 GeV for Example 1, and Tm = 3 · 105 GeV for Example 2.
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the power spectrum needed in MD and RD, respectively. While we have obtained our results for
a specific inflationary model, our conclusions on the tuning are expected to remain valid for other
models, since they are mainly a consequence of the model-independent results of Section 2.
Let us now comment on the case f . 0.1 Mp. As we mentioned earlier, in this case the model
is not able to provide enough e-folds of inflation to solve the horizon problem. Nonetheless, this
scenario possesses an interesting feature: very large negative values of ξ (defined in equation (4.5))
can be achieved. Thus, according to [74], if the PBHs form during RD, then another mechanism
of PBH formation, different from the one we have been considering so far, can become important.
Large non-Gaussian fluctuations may prevent the field from overshooting the local maximum,
implying that some regions of the Universe remain stuck in the local minimum while inflation
takes place. The vacuum bubbles that form are then able to collapse after inflation and end up in
the form of PBHs. We will not delve further into this case, but we briefly mention one possibility
to make this region of parameter space viable: if the inflaton could get stuck in one of the local
minima during some e-folds before tunneling into the global one, then an additional phase of false
vacuum inflation could be achieved, yielding the necessary amount of inflation to solve the horizon
problem. As we have shown in Section 3, this scenario is extremely unlikely in our setup because the
tunneling action is huge. However, it may be possible to envisage mechanisms, possibly involving
extra fields, by which the barrier between the local and global minimum can be lowered after the
field gets stuck in the former, and thus increase the tunneling rate. Scenarios of these sort have
been considered for the graceful exit problem of inflation in a false vacuum, see e.g. [75].
5 Conclusions
PBHs are intriguing but theoretically pricey DM candidates. In the context of canonical single-field
inflation, the standard mechanism to produce them relies on an approximate inflection point in the
potential, which generates large primordial fluctuations at small distance scales. Regions where
the associated density fluctuations are large enough collapse into PBHs when these perturbations
become sub-horizon during the radiation epoch. The presence of the inflection point is generically
engineered for the sole purpose of PBH production. The abundance of the PBHs that are generated
during RD is exponentially sensitive to the amplitude of the primordial fluctuations at those scales,
which is controlled by the detailed properties of the inflection point. For this reason, in order to
account for a large fraction of the DM, one or more parameters of the potential need to be adjusted
with high precision. The raison d’être for inflation is the solution of outstanding cosmological
problems which can be phrased in terms of tuning. It is therefore somewhat disappointing that
the inflationary potential needs to be tweaked to address the DM problem as well.
These concerns about PBH DM are specific of models of canonical single-field inflation. How-
ever, so far they have not been circumvented by considering non-canonical inflation or models of
inflation with several fields, where analogous issues arise. Other scenarios of PBH formation (not
based on inflation) also require tuning in one way or another.
In this paper, we have presented a scenario of PBH DM which partially alleviates these issues.
The scenario is based on two ingredients: an axion-like inflationary potential with oscillations
superimposed on a non-periodic term and a long phase of MD after inflation. We have focused
on the case in which this phase is due to the oscillations of the inflaton around an approximately
quadratic minimum of the potential. In contrast to most models of PBH formation from canonical
single-field inflation, the existence of critical points in our potential is a generic property that arises
when axionic ‘wiggles’ are large enough compared to the non-periodic part of the inflaton potential.
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Our setup is inspired by a popular realization of large field inflation in compactifications of string
theory, known as axion monodromy inflation. This class of models is generally characterized by a
flattening of the inflationary potential at large, transplanckian, field values. We take advantage of
this feature in our setup and work with inflationary potentials which present two distinct regions.
The first one, located at large field values, is flat enough to allow for a standard phase of slow-
roll inflation in which fluctuations with the right properties to fit the CMB are generated. The
second region is close to the global minimum of the potential and can exhibit several local minima
which ultimately lead to PBH formation. Although abundant PBH formation is not a completely
general feature of this class of potentials, the appearance of multiple minima reduces significantly
the level of engineering that is needed for the presence of an adequate approximate inflection point.
Identifying the inflaton with a modulus field –which couples only gravitationally to light degrees
of freedom– the second ingredient of our scenario can be realized: the decay rate of the inflaton
is Planck-suppressed, preheating can be avoided and a long epoch of MD after inflation can take
place. During this period, the Universe is approximately pressureless. This results in an enhanced
fraction of PBHs, even when angular momentum effects of the collapsing regions are taken into
account.
We find that reheating temperatures around 105 GeV – 106 GeV are particularly advantageous
for PBH DM from an early phase of MD. For such temperatures, the size of the primordial power
spectrum at scales k ∼ 1013 Mpc−1 – 1014 Mpc−1 that is required to obtain an O(0.1− 1) fraction
of the DM in PBHs with observationally viable masses (MPBH ∼ 10−14M– 10−16M) is order
PR ∼ 10−5 − 10−4. This contrasts with the O(10−2) primordial spectrum that is needed to attain
the same abundance if PBHs are formed during RD.
None of the single-field scenarios we are aware of achieves a lower level of tuning than the one
presented here. Our examples show that a long epoch of early MD translates into a relaxation
of two orders of magnitude on the tuning of the single most relevant parameter for the specific
class of potentials we consider, which controls the depth of the minima. This occurs for potentials
which grow as a power-law as well as those that saturate to a plateau at large field values, both of
which can accommodate the necessary enhancement of curvature fluctuations at small scales and an
amount of inflation consistent with the aforementioned reheating temperatures. Interestingly, our
scenario features a scalar spectral index in excellent agreement with the CMB, which is not easy to
achieve in canonical single-field models of inflation of PBH DM. Also, our examples favor an axion
decay constant around 0.2Mp, in agreement with general arguments against axion periodicities
larger than Mp.
We believe that the idea of PBH production from inflationary potentials with several minima
deserves further study. A possible extension of our work is the inclusion of non-Gaussianities and
quantum diffusion, which may have a quantitative effect in the required level of tuning. However,
we do not expect them to alter qualitatively our conclusions. Gravitational collapse during MD for
PBH DM has not been exploited as much as the case of RD. This is probably due to the relative
simplicity of the Press-Schcheter formalism which is used in the latter case. Given its advantageous
more moderate sensitivity to the variance of the density fluctuations, a better characterization of
the process from numerical analyses in MD would undoubtedly contribute to set this scenario on
a more balanced footing with respect to the RD case.
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A Cosmological parameters
We use cosmological parameters from the latest (2018) Planck collaboration analysis. For the sake
of completeness, we choose the values from the data set labeled “TT,TE,EE+lowE+lensing+BAO”
in [76], which include (non-CMB) measurements of the baryon acoustic oscillation (BAO) scale. All
the numbers in this appendix are given at 68% c.l. and correspond to k = 0.05 Mpc−1 (whenever
applicable) unless it is specified otherwise. Assuming the base ΛCDM model as defined by the
Planck collaboration, the cosmological parameters we need are [76]:
zeq = 3387± 21 , (A.1)
Ω0m = 0.3111± 0.0056 , (A.2)
Ω0DMh
2 = 0.120± 0.001 (A.3)
H0 = 67.66± 0.42 , (A.4)
ns = 0.9665± 0.0038 , (A.5)
109As = 2.105± 0.030 . (A.6)
If we assume that all neutrinos are non-relativistic today (see the discussion in [40]), then we can
use the CMB temperature from FIRAS data [42]: T 0CMB = 2.7255 ± 0.0006K to obtain the value
of the critical density for radiation today, Ω0r ' 5.8 · 10−5.
Allowing for a non-negligible running of the scalar spectral index (dns/d log k 6= 0) and tensor-
to-scalar ratio (r 6= 0), and including also Bicep2/Keck Array data [77], the constraints on the
primordial parameters that are relevant for for the global shape of the inflationary potential are,
as given in [33]:
r < 0.076 at k = 0.05 Mpc−1 and 95% c.l. , (A.7)
r < 0.072 at k = 0.002 Mpc−1 and 95% c.l. , (A.8)
ns = 0.9658± 0.0038 , (A.9)
dns/d log k = −0.0065± 0.0066 . (A.10)
The central value and error on ns are quite robust under the addition of these extra parameters to
the base ΛCDM model. CMB data alone lead to a somewhat a lower central value for ns and less
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constraining upper bounds on r. Indeed, removing “BAO” data the Planck collaboration obtains:
r < 0.079 at k = 0.05 Mpc−1 and 95% c.l. , (A.11)
r < 0.077 at k = 0.002 Mpc−1 and 95% c.l. , (A.12)
ns = 0.9640± 0.0043 , (A.13)
dns/d log k = −0.0071± 0.0068 . (A.14)
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